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MATHEMATICAL MODELING AS A TOOL FOR OIL SPILL
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Abstract. Oil spills are dangerous to the environment. Kashagan, one of the biggest oil fields in Caspian Sea,
have high probability to release oil contaminations to the sea. In case of emergency situations, we must be ready to
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understand how and in which direction oil slicks will move. Since remote sensing or tracking these spills from sate-
llite at every hour are expensive, most reliable tool becomes mathematical modeling. Correct mathematical modeling
might tell what will happen to the oil slick after desired hour and where it goes. The current paper, considers
mathematical modeling of advection-diffusion of oil slicks, which also takes into account significant chemical and
physical processes that change the properties of the oil slick and behavior of the oil slick in marine environment. The
mathematical model is validated by comparing the results with the model developed by Comsol Multiphysics.

Introduction. Caspian Sea is becoming one of the potential oil fields in the world. In the Kazakhstan
part of the Caspian Sea which is north-east there are several oil fields but one of the biggest fields is
Kashagan. The field was discovered in 2000 and is planned to produce up to 1.5 million barrels per day in
2020. Such intensive oil production would make it as one of the biggest fields in the world and
Kazakhstan would become one of the world’s top oil-producing countries. However, chemical compo-
sition of the oil, which contains very high level of sulfur and other hazardous components such as
mercaptans, exploration conditions with high pressure, offshore location and harsh climate, make Kasha-
gan oil field dangerous to fragile ecosystems of the Caspian Sea and to its environment [1]. According to
the information of the NGO Kaspiy Tabigaty, oil producing companies willing to drill about 240 wells in
the field, which means there will be a high probability of crude oil spills. In worst cases, oil spills may be
far more hazardous than those in the Gulf of Mexico where the depth of the drilled wells is about 1.5 km
while Kashagan oil field is only 4-5 m below the Caspian Sea (Figure 1). Therefore, we must be ready to
any disaster that could appear near Kashagan field.

Various earth observing and weather satellites such as RADARSAT or UARS help remote sensing of
oceans and seas, and detect contaminations in them. However, by remote sensing it would be expensive in
terms of economy to track every contamination such as oil spills over a sea surface at every time. Instead,
correct mathematical modeling of spilled oil behaviour would be less expensive and effective respect to
time [2].

i G
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=

Figure 1 —a) Map of Kashagan oil field; b) Demonstration of oil producing and drilling islands of Kashagan offshore oil field

Oil properties. The crude oil is the mixture of hundreds of different organic compounds where each
has its unique characteristics. Hydrodynamic behavior of spilled crude oil depends on physical and
chemical properties of the oil and also on the environment properties [3].

Whether the spilled oil will float or sink is defined by a scale developed by Americal Petroleum Insti-
tute. It is the API gravity and it is inversely proportional to the specific gravity of the oil.

YAPI = 141.5 —-131.5 (1)

specific gravity
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density of subs tan ce
densityof H,0O

The specific gravity of the crude oil is calculated as ratio of oil density to fresh water density which
has a specific gravity equal to 1. Therefore, API of the fresh water is 10. Most of the crude oils have a
specific gravity of about 1.025 and higher API than 10, and float in fresh water. At initial PVT conditions,
the specific gravity of the Kashagan oil varies between 574-619 kg/m’, and API gravity of Kashagan oil
starts from 43.36 to 45.76. It can be noticed that the crude oil from Kashagan field is light (API>10) and
tend to float over the sea surface. According to the sulfur content (0.68 - 0.90 mass %), Kashagan oil
belongs to Class II. Moreover, water mass fraction of this oil varies from 0.01 to 0.2%. The following
figure compares the Kashagan oil with other ones respect to sulfur content and API gravity [4].

specific gravity = (2)
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Figure 2 — Crude oils by density and sulfur content

Once oil discharged onto the water surface, several chemical and physical processes affect it. They
are usually, emulsification, evaporation, dissolution, biodegradation, dispersion, and sedimentation, where
some of them are controlled by oil properties. These processes dominate at different times following the
oil spill and thus leading to loss of oil mass. It can be seen from figure 1 that processes such as evapo-
ration, dispersion, emulsification and spreading affect to the oil slick right after it spilled to the sea, and
have more influence to change the oil properties than dissolution, oxidation, biodegradation and sedimen-
tation [5]. In this paper we are mostly interested in early time chemical and physical processes that signi-
ficantly change the oil properties, for instance, viscosity, density, water fraction in oil and composition.

EVAPORATION

DISPERSION
BIODEGRADATION
DISSOLUTION ~
OXDATION —"

EMULSIFICATION
SEDIMENTATION

SPREADING

HOUR DAY WEEK MONTH YEAR

Figure 3 — Time dependence of the processes that affect to oil spills
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Spreading. Once oil spilled, it spreads while floating over the sea surface. The rate of surface area
change has been studied by Fay [6], Hault [7], and later modified by Mackay at al. [8]. Thus, the rate of

surface area change is calculated by the following formula:
4

dA N aE
Z:KSpread 'A3 |:_:| (3)

where A4 — area of the slick, K, ., = 150s™" — constant, ¥ — volume of spilled oil.

Evaporation. It is one of the early time processes that causes significant mass loss in all kinds of oil
which has API>10. Moreover, it can significantly change density, viscosity and other properties. Most of
the time, evaporation is responsible up to 60 percent of spilled oil mass loss [korotenko]. As the lighter
components of the oil slick evaporates faster than heavier components, chemical composition of the slick
changes. There are two famous methods applied to calculate an evaporation rate: a) the pseudo-component
method [9-10], and b) the analytical approach [11]. The pseudo-component approach uses oil as a set of
fractions grouped by boiling point and molecular weight. Consequently, for different components, there
are different evaporation rates. On the other hand, in the analytical approach vapor pressure is a function
of evaporated fraction. In this work, the analytical method developed by Stiver and Mackay [10] is applied
to calculate volume fraction evaporated:

by = ln[l + B(T, [T )(K - Ag -]V, ) exp(4 — B(T:)/TE))][TE/(BTG)] “
where F},- evaporated volume fraction, K, =2.5-107 -U%"® mass transfer coefficient for evaporation
(m/s), U
F; is zero (K), T, — environmental temperature (K), 7, — gradient of the boiling point, 7, u T line (K),

- wind speed (m/s), ¥, - initial volume of oil spill (m®), 7, —initial boiling point (K) when

wind

A and B are constants which can be chosen from distillation data. According to Stiver and Makay’s
calculations where they used distillation data for five different types of crude oils, magnitude of A and B
are 6.3 and 10.3 respectively.

Dispersion. Turbulent wave energy can disperse the oil slick into cloud of droplets since oil may not
dissolve in water. Droplets are in various size and are subjected to turbulent and buoyancy forces. For
slicks with low viscosity under high sea conditions, dispersion can remove or displace about 90% of
surface slick. The following expression is mostly used to calculate the dispersion, which is proposed by
Reed and Mackay [11]:

D=0.11U,, , +1)* /(1+504'"*hs,) )
where 8, - interfacial tension between oil and water (N/m), A, - slick thickness (m), u - viscosity (cp),

U, . . -wind speed (m/s).

wind

Emulsification. The process of emulsification is the inverse of dispersion where instead of oil drop-
lets dispersing into the water column, water enters into the oil. As a consequence of the emulsification,
volume, density and especially viscosity of oil slick changes. Mackey et al. suggested the following
formula to calculate the incorporation of water into oil slick:

% =K,.U,,, +1)’1-F, )/ 0C (6)

F,, - fraction of water in oil, OC - final fraction of water content and K is takenas 2x107°.

win,

Density and viscosity. As already mentioned above, evaporation and emulsification are the main
processes that change the density and viscosity of the oil slick. The following formulas are broadly used to
calculate these changes:

szwcpw'+(l_Fw'c)(pref+CE2FE) (7)
lLl = lLlref eXp( CEIFE + (chlec) /(1 - chZch )) (8)

Mathematical model. Mathematical modeling of the oil slick movement over the surface, which
takes into account significant chemical and physical processes, is not an easy task. The following paper
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uses advection-diffusion equation by taking into account vorticity in the flow, that is, vorticity transport
equation [12].

o o 0 (0°Q 0°Q
—tu—+v—=v SRR ©)
ot ox oy ox oy
where € - vorticity, which can be used to calculate the velocity potential y .
0’ 0’
S AR (10)
ox°~ Oy
And, velocity field is calculated in the following way:
y=¥ (11)
oy ox

The velocity field then is applied to evaluate the oil concentration movement over the sea surface:

oCc  oC  oC (azc a2c]

—+u—+v—=2D + (12)

ot ox 0Oy o’ oy’
where C — oil concentration, D — diffusion coefficient. The computational domain is shown in the
following figure. At the right bottom, there is a coast which is needed to see the adhesion of oil slick to the
shoreline [13].

1 B3
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Figure 4 —Computational domain for verification of mathematical model correctness
Results and Discussions

To verify the correctness of the mathematical model, which takes into account all the chemical and
physical processes, conditionally we take oil slick with initial area Area, = 1664468 m” and initial

volume ¥, = 16645m* , and compare the results of advection diffusion of oil concentration with similiar

model developed on Comsol Multiphysics.
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Figure 5 — Comparison of the velocity field between: a) Modeling; b) Comsol Multiphysics. t = 1200 sec
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Figure 6 — Comparison of results at time t = 6000 sec: a) Modeling; b) Comsol Multiphysics

It can be noticed from the results that the mathematical model describes the movement of oil
concentration and its adhesion to the shoreline with minimal errors. The above results are calculated by
taking into account also the chemical and physical processes which effects to the properties of the oil
slick. The following diagram shows how the authors calculated those processes:
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Figure 7 — The calculation order of chemical and physical processes that affect to the oil

Calculation of these processes are simultaneously done while calculating the advection-diffusion of
the oil concentration, that is, solving equation (9)-(12). Moreover, time steps used for calculation of
concentration movement is used for calculating chemical and physical processes such as spreading,
evaporation, emulsification, dispersion and change of density and viscosity.
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Figure 8 — Spreading and evaporation of the oil slick as a function of time (h)
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Figure 9 — Dispersion of oil slick as a function of time for different wind velocity: a) U wind = 1 m/sec; b)
U,..=5ml/sec; oU, 5, =10m/sec.

In order to calculate above mentioned chemical and physical processes, Kashagan oil properties are
considered. The initial viscosity is 3.66 mm® /sec and the density is 796.8kg/m’ . The concentration

of oil is considered to be 100% at initial time. According to the formula used to calculate the evaporation,
there is a wind velocity in the mass transfer coefficient. And, it is true that the velocity is one of the main
processes that accelerate the mass transfer, consequently, the evaporation process. Emulsification and
dispersion are also dependent from wind velocity and the results from figures (9)-(10) verifies it. The
results in figure (10) also shows that the emulsification does not exceed the maximum water content of
Kashagan oil and this process is one of the early time processes since after several hours the slope of the
curve does not change. The density and the viscosity are also change fast just after oil spill occurred, but
slow down over time. And, after some time stop changing their value.
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Figure 11 — Change of density and viscosity while oil slick is changing its position
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Conslusion and future work. Last years, the oil drilling boreholes are becoming more near offshore
oil field of Kashagan. The tectonic structure of the oil field itself tend to release oil spills naturally since it
is underlies only about several meters below the sea. In case of emergency, behavior of oils slicks over the
sea must be predicted in advance. One of the ways to predict the direction of the oil slicks is to use
mathematical modeling.

In this paper, properties of Kashagan oil field are considered and used for calculating the chemical
and physical processes that take place during oil slick floating lifetime.

Mathematical model based on vorticity transformation method is studied and applied for calculation
of the velocity field. The velocity field then applied into the advection-diffusion equation to predict the oil
slick movement. The model is validated by comparing the results with the model developed in Comsol
Multiphysics.

The processes that cause the change in oil properties are studied and analyzed. These processes are
concluded to be early time processes because they affect significantly to the oil slick at the beginning, but
over time their influence decrease. In this paper, only the processes such as spreading, evaporation, emul-
sification, and dispersion are considered since they are the most significant ones that cause the change in
oil properties.

Lastly, change of oil density and viscosity is studied and noticed that they mostly change because of
above mentioned chemical and physical processes caused by marine environment.

There are many mathematical models exist that predicts the oil slick direction and change its
properties. Although, they are advanced they are not suitable to predict the oil spills in Kazakhstan part of
the Caspian Sea. In a word, there is no universal model or simulator that could predict oil slick movements
in every sea or ocean since each sea has its unique environmental parameters. This paper results are one of
the parts of the oil spill simulator that is being developed for Kazakhstan part of the Caspian Sea. In the
future, the model will be developed and strengthened applying advanced numerical techniques and
developing complicated computational mesh for the Kazakhstan part of the Caspian Sea. Moreover, more
chemical and physical processes are going to be taken into account to improve the mathematical model.
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KAIIIAFAH MYHAW KEH OPHBI YIITH, TEHI3 BETIHJIETT MYHAM JIAKTAPBIHBIH,
KO3FAJIBICBIH ’KOHE O3I'EPICIH MATEMATHKAJIBIK MOJIEJIBJIEY

b. E. Bekmyxamenos, b. [I. Axmertos, K. I11. 7Kanraen
Fapernteik TeXHHUKA XKOHE TEXHOIOTHSIAp HHCTUTYTHI, AnMatel, Kazakcran

AnHoTanus. MyHall KaJIbIKTaphl KOpIIaraH opTara Kayinti. Kanraran myHait keH opHbI , Kacnuii TeHi3iHaeri
ipi MyHaii KeH OpbIHAAPBIHEIH Oipi Oomys! cebenti, Kamaran MyHail KeH OpPHBIHBIH TEHi3/i MyHall KalIbIKTapbIMEH
Jactay BIKTUMAJJIBIFBl KOFapbl. AnaT OpbIH aJFBIH JKarjaiia, TeHi3jeri MyHall JaKTapblHBIH Kajald >XKoHe Kal
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OarpITTa KO3FANATHIHBIH OiTy MaHBIOBL TeHI3 OeTiHaeri MyHadl MaKTapBIHBIH KO3FANBICHIH TUCTAHIIHOHIBI
(kambIKTaH) 30HAAY HEMece JKep CepiKTepi apKBUIbI 0aKpUIay KBIMOAT OOJFaHABIKTaH, OaKbUTAYIBIH THIMII KYpasbl
MaTEMaTHUKAIIBIK MOJIENbCY OOJbIn TaOblaaapl. MyHail JaKTapblHBIH KO3FaJbICHIH JKOHE ©3TepICiH IYPhIC MaTe-
MaTUKAJIBIK MOEJbJEY apKbUIbl dp CaFaTTaFbl KEPEKTI akmapar IeH MyHail JaKTapblHbIH TEHi3 OeTiHIeri OpHBbIH
aHBIKTal ajaMbl3. ATanFaH Makanaja KOBEKTHBTI-IU((y3usIaHATHIH MYHAH JaKTapbIHBIH MaTeMaTHKAJBIK MOJEI]
KapacThIpbLIaabl, COHIal-aK, TCHI3Aerl MyHal MaKTapbIHBbIH (DH3MKAIBIK KaCHETTEPIHE KOHE MYHAil mapameTplie-
piHiH (KeJeMiHiH, aylaHbIHbIH) ©3TepiCiHe ocep €TEeTiH MaHbI3Abl (M3UKAJIBIK XKOHE XMMUSUIBIK IIPOLEcCTep e
eckepineni. Hotmwkenep, COMSOL Multiphysics mporpaMMalibiK MaKeTiHAC aJbIHFAH HOTHXKEJICPMEH CaJBICTHIPY
apKbUIbl TEKCEPLITeH.

MATEMATHYECKOE MOJEJIMPOBAHUE KAK HHCTPYMEHT JIJIS1 IIPOTHO3A
ABAPUHUHOTI'O HE®TSHOI'O PA3JINBA: KAITATAHCKOE MECTOPOXXJIEHHE, KASAXCTAH

b. E. bekmyxamenos, b. /I. Axmertos, K. I11. 7Kanraen
Huctutyt KocMudeckux TeXHONMOTHM U TEXHUKH, AnMatbl, Kazaxcran

Annortanusi. HedrsiHble pa3nuBel omacHbl A1l OKpyKatomieil cpensl. Kamraran, ognH U3 KpynHEHIINX Hed-
TSHBIX MECTOpOXIeHNi B KacnmiickoM Mope, IMeeT BBICOKYIO BEPOSATHOCTh BRIOPOCOB HE(TSHBIX 3arps3HEHUN Ha
Mope. B ciyuae upe3BbIYaiiHBIX CHUTyanui, Mbl JOJDKHBI OBITH TOTOBBI, B KAKOM HANpaBJICHUH HE(TSHBIC CIUKU
Oynyt aurarbcs. C IUCTAaHIMOHHOTO 30HIMPOBAHUS WM OTCIECKHUBAHHS 3TUX PA3IMBOB CO CIyTHHKA, HAIPHMED,
KaXblii MOMEHT BPEMEHH OyAET CTOUT J0pOro, a CaMbIM HAJEKHbIM HMHCTPYMEHTOM CTAHOBHUTCS MaTeMaTH4eCcKOe
MojenupoBanue. IIpaBuibHOE MaTeMaTHYECKOE MOJAEIMUPOBAHUE MOXKET HPOTHO3MPOBATh ABMKEHHS M TpaHCGOp-
Maluu He(l)TﬂHbIX IIATEH Ha NOBCPXHOCTHU BOABI B HYKHOC BpEMs. B ar10i1 craThe ABTOPbI pacCMaTpruBarOT KOHBCK-
UOHHO-AM (P y3nOHHOE YpaBHEHHUE JJIsl U3yUCHHUS JIBHKCHUS KOHIICHTPAIUK HE()TH Ha TIOBEPXHOCTH MEIKOBOIHOMN
BOJIBI C YYETOM BaXKHBIX XUMHKO-(DU3NUECKHUX HPOLECCOB, KOTOPBIE B TEUCHWE BPEMEHH BIIMSET HA CBOWCTBA HEPTH
U Ha ToBeleHHe HedTH B BOIHOHM cpexe. Pe3ynbrarel MozenupoBaHus ObIIM CPaBHEHBI C pe3yJbTaTaMH MOJEIH,
coznanHoi B Comsol Multiphysics - makeT MoJeIMpoBaHus JUIsl PELISHHs 33/1a41 U3 €CTECTBEHHBIX HayK.

Tlocmynuna 22.05.2015 2.
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